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Abstract
We show the existence of a p-compact group whose size has countable cofinality in a forcing
model. As a corollary, we show that consistently there exists a countably compact group whose size
has countable cofinality and its weight is larger than the size.
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1. Introduction
It is well known that there is a relation between the size of an infinite compact group
G and its weight, w(G), given by the equality |G| = |G|w(G) (see [2] for more details). In
particular, the cofinality of |G| is uncountable. It is also true for any compact Hausdorff
space X that w(X) |X|.
In [4], van Douwen worked around the statements above, replacing compactness by
pseudocompactness, obtaining the following facts:
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chonoff space X;
(ii) (GCH) if X is a pseudocompact Tychonoff space whose size has countable cofinality
then w(X) = |X|;
(iii) if κω = κ < λ < 2κ and λ has countable cofinality then there exists a pseudocompact
group G and a countably compact space X whose size is λ and the weight is 2κ .
The examples in (iii) obtained by van Douwen are not countably compact groups. He
showed interest in such examples by asking the following question [4]:
Question 1.5. If X is an infinite group (or a homogeneous space) which is countably com-
pact, is |X|ω = |X|? Is at least cf(|X|) = ω?
We answered van Douwen’s question in the negative in [11]. Indeed, we obtained a
forcing model in which there exists a countably compact group of size ℵω. However, the
weight of the group is c = ω1. A natural follow up is to construct a countably compact
group satisfying (iii).
In this note, we shall give a new answer to van Douwen’s question with a stronger
compact-like property. As a corollary, we obtain a countably compact topological group
whose size has countable cofinality and the weight is larger than the size. We also show
that, under an assumption weaker than SCH, if there is an answer to van Douwen’s question
of size larger than 2c then there is one whose weight is larger than the size.
2. Preliminaries
An ultrafilter p in ω∗ is selective if for every partition {An: n ∈ ω} with An /∈ p for
every n ∈ ω, there exists B ∈ p such that B ∩ An is a singleton. A free ultrafilter p is
selective if and only if for every partition P0 ∪ P1 ⊆ [ω]2, there exists A ∈ p and j < 2
such that [A]2 ⊆ Pj .
Given two finite sets A and B , we denote by  the symmetric difference AB = A \
B ∪ B \ A. The space ([κ]<ω,) is a vector space over 2 and we will often write ‘l.i.’
instead of ‘linearly independent’.
Definition 2.1 [1]. Let X be a topological space and p ∈ ω∗. A point x ∈ X is a p-limit
point of the sequence {xn: n ∈ ω} ⊆ X if for every neighborhood U of x, the set {n ∈
ω: xn ∈ U} ∈ p.
A sequence {xn: n ∈ ω} has x as an accumulation point if and only if there exists
p ∈ ω∗ such that x is the p-limit point of the sequence {xn: n ∈ ω}. Given a sequence
{{xαn : α ∈ I }: n ∈ ω} ⊆
∏
α∈I Xα , {yα: α ∈ I } is a p-limit of {{xαn : α ∈ I }: n ∈ ω} if and
only if yα is a p-limit of {xαn : n ∈ ω} in Xα for each α ∈ I .
Definition 2.2 [1]. Let p ∈ ω∗. We say that a topological space X is p-compact if every
sequence in X has a p-limit in X.
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is a productive property. In particular, the product of p-compact spaces (for a fixed p) is
countably compact.
Countable compactness is not preserved by products in ZFC and under special axioms,
not even in the class of topological groups: [3] (Martin’s Axiom), [8] (Martin’s Axiom for
countable partial orders) and [6] (existence of a selective ultrafilter).
Ginsburg and Saks showed [7] that X2c is countably compact if and only if Xκ is count-
ably compact for every cardinal κ if and only if X is p-compact for some p ∈ ω∗.
Saks [10] showed that if p and q are incomparable selective ultrafilters then there
exists a p-compact space and a q-compact space whose product is not countably com-
pact. Garcia-Ferreira [5] showed that it is consistent that for any p,q ∈ ω∗, the product of
a p-compact space and a q-compact space is countably compact.
Tomita and Watson [12] showed that if p and q are incomparable selective ultrafilters
then there exists a p-compact group and a q-compact group whose product is not countably
compact.
Lemma 2.3. Let p be a selective ultrafilter and E be a countable subset of ordinals. If
(1) F is a non-empty finite subset of E;
(2) {fm: m ∈ ω} is a countable family of functions in ([E]<ω)ω such that for every k ∈ ω
and T ⊆ E finite, the set {n ∈ ω: {fm(n): m  k} ∪ {{ξ}: ξ ∈ T } l.i.} is an element
of p;
then there exists a homomorphism φ : [E]<ω → 2 such that:
(a) φ(F ) = 0 and
(b) {n ∈ ω: φ(fm(n)) = 0} ∈ p for each m ∈ ω.
The proof of Lemma 2.3 is based on a proof in [6]. We include the proof here for the
sake of completeness.
Proof. Without loss of generality, assume that ω ⊆ E.
Set F0 = F and define by induction {Fi : 1 i < ω} such that
(i) ⋃i∈ω Fi = E, and
(ii) Fi+1 ⊇ Fi ∪⋃{fm(n): n i, m ∈ ω ∩ Fi}.
Let Ai = {n ∈ ω: {fm(n): m ∈ ω∩Fi}∪{{ξ}: ξ ∈ Fi} is l.i.}. By hypothesis, Ai ∈ p for
each i ∈ ω. Using the selectivity of p, there exists an increasing sequence A = {ai : i ∈ ω}
such that ai ∈ Ai and i < ai for each i ∈ ω.
Define the following partition {P0,P1} on [ω]2, with m < n: {m,n} ∈ P0 if and only
if there exists i < j such that {m,n} = {ai, aj } and ai < j . By the selectivity of p there
exists B ∈ p such that B ⊆ A and [B]2 ⊆ P0 or [B]2 ⊆ P1. Let {it : t ∈ ω} be the increasing
sequence such that B = {ait : t ∈ ω}. We claim that [B]2 is a subset of P0. Indeed, if
[B]2 ⊆ P1 then ai0  it for every t ∈ ω, which is a contradiction. Therefore, ait < is for
each t < s ∈ ω.
Define Et = Fit and bt = ait for each t ∈ ω. Then,
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(iv) {fm(bt ): m ∈ ω ∩ Et } ∪ {{ξ}: ξ ∈ Et } is linearly independent for each t ∈ ω; and
(v) Et+1 ⊇ Et ∪ {fm(bt ): m ∈ ω ∩ Et } for each t ∈ ω.
Fact (iii) is clear. Fact (iv) follows from bt = ait ∈ Ait and Et = Fit . Fact (v) follows
from bt = ait  it+1 − 1 and Et = Fit ⊇
⋃{fm(n): n it+1 − 1, m ∈ ω ∩ Fit+1−1}.
We are now ready to construct the homomorphism φ : [E]<ω by induction. Since F ⊆
E0, there exists a homomorphism φ|[E0]<ω such that φ(F ) = 0. Any extension of φ|[E0]<ω
will satisfy condition (a). Assume that φ is defined on [Ei]<ω so that
(vi) φ(fm(bt )) = 0 for each m ∈ ω ∩ Et for each t < i.
By condition (iv), the homomorphism φ|[Ei ]<ω can be easily extended to [Ei+1]<ω so
that condition (vi) for t = i is satisfied.
Let φ =⋃i∈ω φ|[Ei ]<ω . Then clearly φ is defined on [E]<ω. We claim that condition (b)
holds. Indeed, let m ∈ ω. Then, there exists s ∈ ω such that m ∈ Et for each t  s. Thus, by
(iii) and (vi), the set {n ∈ ω: φ(fm(n)) = 0} contains a cofinite subset of B ∈ p. Therefore,
{n ∈ ω: φ(fm(n)) = 0} ∈ p and (b) holds. 
3. The forcing model
Assume CH and let κ be an uncountable cardinal.
Throughout this construction, 2 is the additive group Z2. Given an ordinal α, the group
2α is the algebraic product of α copies of the group 2. If {zµ: µ ∈ E} is a family contained
in 2α and F is a finite subset of E then
∑
µ∈F zµ will be the sum with respect to the binary
operation on 2α . We will often write ‘zF ’ instead of ‘
∑
µ∈F zµ’. Note that if F0 and F1 are
finite subsets of E then zF0 + zF1 = zF0F1 .
Definition 3.1. Let p be an ultrafilter and F be an infinite subset of ([κ]<ω)ω .
We say that r = (αr ,Dr, {xrη: η ∈ Er}) is an element of Sp,F if αr ∈ ω1, Dr ∈ [F]ω ,
Er ∈ [κ]ω with ⋃f∈Dr,n∈ω f (n) ⊆ Er and xrη ∈ 2αr for each η ∈ Er . Given r, s ∈ Sp,F ,
we say that r  s if αr  αs , Dr ⊇ Ds , Er ⊇ Es , ∀η ∈ Es(xrη|αs = xsη) and the sequence
{xrf (n)|[αs,αr ): n ∈ ω} has 0|[αs,αr ) ∈ 2[αs,αr ) as p-limit for every f ∈ Ds .
Lemma 3.2. The set Sp,F endowed with the partial ordering above is countably closed
and ω2-cc.
Proof. Given a decreasing sequence {rn: n ∈ ω} with rn = (αn,Dn, {xnη : η ∈ En}), let
rω = (αω,Dω, {xωη : η ∈ Eω}), where αω =
⋃
n∈ω αn, Dω =
⋃
n∈ω Dn, Eω =
⋃
n∈ω En and
xωη =
⋃
n∈ω∧η∈En x
n
η .
Clearly rω ∈ Sp,F and rω  rn for each n ∈ ω. Hence, Sp,F is countably closed.
Let {rµ: µ < ω2} be a subset of Sp,F , where rµ = (αµ,Dµ, {xµη : η ∈ Eµ}) for each
µ < ω2. Using the -system lemma and CH, there exists E ∈ [κ]ω and I ∈ [ω2]ω2 such
that Eµ ∩ Eβ = E for any pair {µ,β} ∈ [I ]2. We can also assume that there exists α ∈ ω1
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2α , thus, we can assume that for every pair {µ,β} ∈ [I ]2 xβη = xµη for every η ∈ E.
Fix µ,β ∈ I distinct and let r = (α,Dµ ∪Dβ, {xµη : η ∈ Eµ} ∪ {xβη : η ∈ Eβ \E}). Then
r  rβ and r  rµ. Therefore, Sp,F has the ω2-cc property. 
We define now some subsets of Sp,F that will be dense for appropriate ultrafilters p and
families F .
Definition 3.3. Let F ∈ [κ]<ω \ {∅}, f ∈F and α ∈ ω1. Define DF,f,α = {r ∈ Sp,F : F ⊆
Er,f ∈ Dr ∧ (∃γ ∈ [α,αr))xrF (γ ) = 0}.
Definition 3.4. Given a finite set F ∈ [κ]<ω , define F :ω → [κ]<ω be the constant function
F(n) = F for each n ∈ ω. If α < κ we shall write α instead of {α}.
The following is the definition of the ultrapower of the group ([κ]<ω,) with respect
to p:
Definition 3.5. Given p ∈ ω∗ and f ∈ ([κ]<ω)ω, define [f ]p = {g ∈ ([κ]<ω)ω: {n ∈
ω: f (n) = g(n)} ∈ p}. Let ([κ]<ω)ω/p = {[f ]p: f ∈ ([κ]<ω)ω} be the vector space over 2
under the operation [f ]p[g]p = [fg]p , where (fg)(n) = f (n)g(n) for each n ∈ ω.
Lemma 3.6. The sets defined in Definition 3.3 are dense in Sp,F if p is a selective ultrafilter
and {[f ]p: f ∈F} ∪ {[α]p: α < κ} is linearly independent.
Proof. Let r be an arbitrary element of Sp,F and fix F ∈ [κ]<ω , f ∈F and α ∈ ω1. Let t
be defined as follows: αt = max{α,αr}, Dt = Dr ∪ {f }, Et = Er ∪ F ∪⋃{f (n): n ∈ ω}.
For each η ∈ Et \Er , define xtη = 0 ∈ 2αt and for each η ∈ Er , define xtη = xrη ∪ 0|[αr ,αt ) ∈
2αr × 2αt\αr . Clearly t  r . We will extend t to s with s ∈DF,f,α .
Apply Lemma 2.3 to obtain a homomorphism φ : [Et ]<ω → 2 such that
(1) φ(F ) = 0, and
(2) p-lim{φ(g(n)): n ∈ ω} = 0 for every g ∈ Dt .
Define Ds = Dt , Es = Et and αs = αt + 1. Define xsη = xtη ∪ {(αt , φ({η}))}. It follows
from property (1) that s ∈DF,f,α and it follows from property (2) that s  t . 
We recall that a forcing preserves cardinals if every cardinal in the ground model is
a cardinal in the extension and a forcing preserves cofinalities if the cofinality of a cardinal
is the same ordinal in the ground model and in the extension.
Lemma 3.7. Assume CH. Let κ > λ > c be cardinals, p be a selective ultrafilter, F be
a family of sequences in [κ]<ω such that {[f ]p: f ∈ F} is linearly independent and Sp,F
be the partial order defined in Definition 3.1. Then Sp,F preserves cardinals and cofinali-
ties and 2ω1 > λ in the extension. Furthermore, if S ⊆ κ and F ′ ⊆F are such that |S| = λ
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exists a p-compact group of size λ in the extension.
Proof. From Lemma 3.2, the partial ordering Sp,F is countably closed and ω2-cc. Thus,
it preserves cardinals and cofinalities. Therefore, λ < κ are cardinals in the extension. Let
G be a generic filter for the partial order Sp,F which intersects each dense set in Defini-
tion 3.3. For each ξ ∈ κ , let xξ =⋃r∈G∧ξ∈Er xrξ .
Fix f0 ∈F .
For every ξ < κ and α < ω1 there exists r ∈ G ∩D{ξ},f0,α such that αr > α and ξ ∈ Er .
Therefore, xξ ∈ 2ω1 .
We claim that {xξ : ξ < κ} is linearly independent. Indeed, if F is a non-empty finite
subset of κ , there exists r ∈ G ∩DF,f0,0. Therefore, there exists γ < αr such that xF (γ ) =
xrF (γ ) = 0 ∈ 2. Thus, xF is not the neutral element of 2ω1 .
From the previous claim, 2ω1 contains at least κ different functions, thus, 2ω1  κ > λ.
Let H be the group
⋃
α<ω1
2α ×{0}c\α . We claim that p-lim{xf (n): n ∈ ω} ∈ H for each
f ∈ F . Indeed, let f ∈ F and let r ∈ G ∩D∅,f,0. Then, for each β > αr there exists s ∈ G
such that s  r and β < αs . Thus, p-lim{xf (n)(β): n ∈ ω} = p-lim{xsf (n)(β): n ∈ ω} = 0.
Therefore, p-lim{xf (n): n ∈ ω} ∈ 2αr × {0}c\αr ⊆ H .
Let S and F ′ be as in the hypothesis of the lemma. Clearly the group GS gener-
ated by {xξ : ξ ∈ S} ∪ H has size λ, since H has size c and S has size λ > c. We will
show now that GS is p-compact. Let {yn: n ∈ ω} be a sequence in GS . Then there ex-
ists a sequence {Fn: n ∈ ω} ⊆ [S]<ω such that {yn − xFn : n ∈ ω} ∈ H . The group H is
ω-bounded, thus p-compact. Therefore, the sequence {yn − xFn : n ∈ ω} has a p-limit in
H ⊆ GS . It suffices then to show that {xFn : n ∈ ω} has also a p-limit in GS . Since we
are forcing with a countably closed partial ordering, the set {Fn: n ∈ ω} is in the ground
model. By the hypothesis on F ′, there exists A ∈ p, D ∈ [F ′]<ω and T ∈ [S]<ω such that
Fn = (f∈Df (n))T for each n ∈ A. Then, xFn =
∑
f∈D xf (n) + xT for each n ∈ A.
Therefore, p-limit {xFn : n ∈ ω} =
∑
f∈D p-lim xf (n) + xT ∈ H + xT ⊆ GS . Thus, every
sequence in GS has a p-limit. 
Lemma 3.8. Let θ and λ be cardinals satisfying θω = θ < λ < 2θ and p be an ultrafilter.
If there exists a p-compact group G of size λ then there exists a p-compact group of size λ
and weight 2θ > λ.
Proof. Let Z be a dense subset of 22θ of size c. Doing a closing-off argument, it is easy
to see that there exists a group T ⊇ Z such that T has size θω = θ , is p-compact and
w(T ) = 2c. Then, G × T is a p-compact group whose size is λ and the weight is 2θ . 
The next theorem shows the result in the abstract.
Theorem 3.9. It is consistent that there exists an ultrafilter p and a p-compact group
whose size has countable cofinality and the weight is larger than the size of the group.
Proof. Assume CH. Fix a selective ultrafilter p and a cardinal λ of countable cofinality and
a cardinal κ greater than λ. Let F be a family of sequences in [λ]<ω such that {[f ]p: f ∈
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there exists in the extension a p-compact group of size λ. Since ωω1 = ω1 < λ < 2ω1 , there
exists, by Lemma 3.8, a p-compact group of size λ and weight 2ω1 > λ . This group is as
required, since λ has countable cofinality in the extension. 
In the example above, for each λ < κ whose cardinality has countable cofinality, we
can force a p-compact group topology on the Boolean group of size λ. We modify the
example above to show that we can obtain a p-compact group topology for each Boolean
group of size λ for each λ < κ in a single forcing model. It is easy to obtain p-compact
groups whose size is λ = λω, thus, the important feature of the example below is that 2c
“arbitrarily large” will guarantee that there are plenty of cardinals of countable cofinality
below 2c.
Theorem 3.10. It is consistent that 2c is “arbitrarily large” and for every λ ∈ [c,2c] there
exists a p-compact group of size λ and weight larger than λ.
Proof. Assume CH, and let p be a selective ultrafilter and κ be a cardinal with κω1 = κ .
As noted before, it is easy to construct the required example for λ = 2c, since (2c)ω = 2c.
Let J be the set of all cardinals λ with ω1  λ < κ . We will show that ω1 = c and κ = 2c
in the extension and produce an example for each λ ∈ J .
Let {Sλ: λ ∈ J } be a partition of κ with |Sλ| = λ for each λ ∈ J . Let {Fλ: λ ∈ J } be
a family of sequences in [Sλ]<ω such that {[f ]p: f ∈ Fλ} ∪ {[ β]p: β ∈ Sλ} is a basis for
(([Sλ]<ω)ω)/p. Let F =⋃λ∈J Fλ. Clearly {[f ]p: f ∈ F} ∪ {[ β]p: β < κ} is a linearly
independent subset of (([κ]<ω)ω)/p. Applying Lemma 3.7 on each Fλ in place of F ′, we
show that there exists a p-compact group of size λ for each λ < κ . Applying Lemma 3.8,
there exists a p-compact group of size λ and weight greater than λ for each cardinal λ < κ .
To obtain the required conclusion, it suffices to show that 2c = κ . CH holds in the
ground model and the forcing is countably closed, thus, no new countable subsets of ω are
added in the extension. Therefore, CH still holds in the extension and 2ω1 = 2c. We have
already seen in Lemma 3.7 that 2ω1  κ . Thus, we have only to show that 2ω1  κ . The
partial order Sp,F is ω2-cc and has size κ . Thus, there are κ = κω1 nice Sp,F -names for
subsets of ω1 (see [9, pp. 208 and 215]). Therefore, 2ω1  κ in the extension and we are
done. 
4. Reviving van Douwen’s question
The known examples of countably compact groups whose size has countable cofinality
have size at most 2c. Thus, van Douwen’s question can be revived as follows:
Question 4.1. If X is an infinite group (or a homogeneous space) of size greater than 2c
which is countably compact, is |X|ω = |X|? Is at least cf(|X|) = ω?
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and there exists θ = θω < |G| < 2θ then there is also one whose weight is greater than its
size:
Proposition 4.2. Let λ be a cardinal of countable cofinality such that 2c < λ and θω < λ
for each cardinal θ < λ. If there exists a countably compact Abelian group G of size λ then
there exists one of size λ and weight greater than λ.
Proof. Suppose that there exists a countably compact group of size λ. By a result of van
Douwen [4] there exists κ < λ such that 2κ > λ. We can assume that θ = κω < λ. Thus,
θω = θ < λ < 2θ .
Let H0 be a dense subgroup of K = 22θ of size θ . Let H =⋃E∈[H0]ω 〈E〉. Then H
is an ω-bounded group of size θω. 2c = θ and weight 2θ . The product of an ω-bounded
space and a countably compact space is countably compact. Therefore, the group G × H
is countably compact and has size λ and weight greater than λ. 
The fact that λ > 2c is essential in the proof of Proposition 4.2, since a separable Haus-
dorff group can have size up to 2c. This suggests the following:
Question 4.3. If λ < 2c has countable cofinality and there exists a countably compact
group of size λ, is there a countably compact group of size λ whose weight is larger than λ?
Our p-compact groups whose size have countable cofinality have convergent sequences,
and the known examples of countably compact groups whose size has countable cofinality
and have no non-trivial convergent sequences have weight ω1 = c. The following questions
remain open.
Question 4.4. Is there a countably compact (or even a p-compact) topological group G
without non-trivial sequences such that w(G) > |G| and cf(|G|) = ω?
Question 4.5. If there exists a countably compact group G such that |G| > 2c, cf(|G|) = ω
and G has no non-trivial convergent sequences then is there a countably compact group H
that, in addition, has weight larger than the size?
We point out that Proposition 4.2 cannot be used to answer Question 4.5, since ω-
bounded subgroups contain convergent sequences.
Acknowledgements
It is a pleasure to thank Piotr Koszmider for sharing some of his ideas on iterated forc-
ing. Although iterated forcing is not used here, the discussion helped us solve a technical
problem in the draft of the paper. The author thanks Nobu Yamanaka for listening to the
ideas of the author during the preparation of the manuscript and by nicknaming the example
‘koinobori’ which described quite well the picture the author had in mind for the example.
A.H. Tomita / Topology and its Applications 150 (2005) 197–205 205The author also thanks the referee for suggesting changes that improved the presentation
of the results.
References
[1] A.R. Bernstein, A new kind of compactness for topological spaces, Fund. Math. 66 (1970) 181–193.
[2] W.W. Comfort, Topological groups, in: K. Kunen, J. Vaughan (Eds.), Handbook of Set-Theoretic Topology,
North-Holland, Amsterdam, 1984, pp. 1143–1263.
[3] E.K. van Douwen, The product of two countably compact topological groups, Trans. Amer. Math. Soc. 262
(1980) 417–427.
[4] E.K. van Douwen, The weight of pseudocompact (homogeneous) space whose cardinality has countable
cofinality, Proc. Amer. Math. Soc. 80 (4) (1980) 678–682.
[5] S. Garcia-Ferreira, Three orderings on β(ω) \ ω, Topology Appl. 50 (1993) 199–216.
[6] S. Garcia-Ferreira, A.H. Tomita, S. Watson, Countably compact groups from a selective ultrafilter, Proc.
Amer. Math. Soc. 133 (2005) 937–943.
[7] J. Ginsburg, V. Saks, Some applications of ultrafilters in topology, Pacific J. Math. 57 (1975) 1403–1418.
[8] K.P. Hart, J. van Mill, A countably compact topological group H such that H ×H is not countably compact,
Trans. Amer. Math. Soc. 323 (1991) 811–821.
[9] K. Kunen, Set Theory. An Introduction to Independence Proofs, North-Holland, Amsterdam, 1980.
[10] V. Saks, Products of countably compact spaces, Topology Proc. 4 (1979) 553–575.
[11] A.H. Tomita, Two countably compact groups: One of size ℵω and the other of weight ℵω without non-trivial
convergent sequences, Proc. Amer. Math. Soc. 131 (8) (2003) 2617–2622.
[12] A.H. Tomita, S. Watson, Ultraproducts, p-limits and antichains on the Comfort group order, Topology
Appl. 143 (2004) 147–157.
